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Abstract. A ring R is called left GF-closed, if the class of all Gorenstein flat left R- 
niodules is closed under extensions. The class of left GF-closed rings includes strictly the 
one of right coherent rings and the one of rings of finite weak dimension. 
In this paper, we investigate the Gorenstein flat dimension over left GF-closed rings. Namely, 
we generalize the fact that the class of all Gorenstein flat left modules is projectively resolving 
over right coherent rings to left GF-closed rings. Also, we generalize the characterization of 
Gorenstein flat left modules (then of Gorenstein flat dimension of left modules) over right 
coherent rings to left GF-closed rings. Finally, using direct products of rings, we show how 
to construct a left GF-closed ring that is neither right coherent nor of finite weak dimension. 
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1 Introduction 

Throughout the paper all rings are associative with identity, and all modules are unitary. 
Let 7? be a ring and let M be an i?- module. The injective (resp., flat) dimension of M is denoted 
by idii(M) (resp., fdi{(M)). By wdim(i?) we denote the weak dimension of R; i.e., the supremum 
of the flat dimensions of all /?-modules. 

We say that M is Gorenstein flat, if there exists an exact sequence of flat left ii-modules, 

> Fi^ Fo^ F° ^ ^ ■■■ , 

such that M = lm{Fo F^) and such that / — leaves the sequence exact whenever I is an 
injective right J?-module. 

We use 'i^^{R) to denote the class of all Gorenstein flat left _R-modules. 

For a positive integer n, we say that M has Gorenstein flat dimension at most n, and we write 
Gfd_R(M) < n, if M has a Gorenstein flat resolution of length n; that is an exact sequence: 

G„ ^ > Go ^ M ^ 0, 

where each Gi is Gorenstein flat left -R-module (please see [51[51[Tn]h 
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The notion of Gorenstein flat modules was introduced and studied over Gorenstein rings, by 
Enochs, Jenda, and Torrecillas [9], as a generalization of the notion of flat modules in the sense that 
an 7?-module is flat if and only if it is Gorenstein flat with finite flat dimension^. In [5], Chen and 
Ding generalized known characterizations of Gorenstein flat modules (then of the Gorenstein flat 
dimension) over Gorenstein rings to n-FC rings (coherent with finite self-FP-injective dimension). 
And in [10] . Holm relies on the use of character modules over coherent rings to translate results for 
Gorenstein injective modules to the setting of Gorenstein fiat modules; and so he has generalized 
the study of the Gorenstein fiat dimension to coherent rings. 

In this context, we enlarge the class of rings over which the Gorenstein fiat dimension is well- 
behaved. Namely, we investigate the Gorenstein fiat dimension over a new class of rings which we 
call left GF-closed: a ring R is called left GF-closed if the class ^,^{R) of all Gorenstein fiat left 
i?- modules is closed under extensions (Definition 12. ip . The class of left GF-closed rings includes 
strictly the one of right coherent rings and also the one of rings of finite weak dimension (see the 
note after Proposition 12. 2|) . 

The main results are in Section 2. First, we investigate the behavior of Gorenstein fiat modules 
in short exact sequences. Recall the following: 

Definitions 1.1 Let _R be a ring and let ^ be a class of left _R-modules. 

1. We say that the class is closed under extensions, if for every short exact sequence of left 
J?- modules O^A^B^C— >0, the condition A and C are in ^ implies that B is in £^ . 

2. We say that the class is closed under kernels of epimorphisms, if for every short exact 
sequence of left i?-modules O^A—>B^C^O, the condition B and C are in St^ implies 
that j4 is in ^ . 

3. The class ^ is said to be projectively resolving, if it contains all projective left i?-modules, 
and it is closed under both extensions and kernels of epimorphisms; that is, for every short 
exact sequence of left /^-modules with C € the conditions A £ ^ 
and B £ ^ are equivalent. 

As a generalization of 110., Theorem 3.7], we show, over left GF-closed rings, that the class 'i^,W{R) 
is projectively resolving and closed under direct summands (see Theorem 12.31 and CoroUarv 12. 6p . 
Then, we generalize the characterization of Gorenstein fiat dimension over right coherent rings [lUI 
Theorem 3.14] to left GF-closed rings. We end Section 2 with a generalization of [101 Theorem 3.14], 
which investigate the behavior of Gorenstein fiat dimension in short exact sequences (see Theorem 

In Section 3, we study the Gorenstein fiat dimension in direct products of rings. The main result 
is the following (Theorem 13. 4p : 

n 

Theorem. Let R = Ri be a direct product of rings and let N — Ni® ■ ■ -(BNn be a decomposition 

i = l 

of a left R-module N into left Ri-modules. Then, Gfdfl(7V) = sup{Gfdn. (TVi) \ i = Q, n}. 

This enables us to construct a class of left GF-closed rings which are neither right coherent nor 
of finite weak dimension (Example 13. 6p . 



This also holds over coherent rings (see [l] note after Proposition 3.6]). 
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2 Gorenstein flat dimension over left GF-closed rings 

In this section, we investigate the Gorenstein flat dimension over the following kind of rings: 

Definition 2.1 A ring R is said to be left GF-closed, if '^.'^[R) is closed under extensions. 

Recall that a ring R is called right coherent, if every finitely generated right ideal / is finitely 
presented; that is there exists an exact sequence of right ii-modules F\ ^ Fo ^ I ^ Q, where each 
Fi is finitely generated free. 

Proposition 2.2 1. Every right coherent ring is left GF-closed. 
2. Every ring with finite weak dtmenston is left GF-closed. 

Proof. 1. Follows by [lOl Theorem 3.7]. 

2. Let i? be a ring such that wdim(i?) < n for some positive integer n. We show that the class of 
all Gorenstein flat left _R-modules and the class of all fiat left i?-modules agree0. Indeed, consider 
a Gorenstein fiat left 7?-module G. Then, by definition, there exists an exact sequence of left R- 
modules O^G^F°^F^^---^ F""^ ^ iV ^ 0, where each F' is a fiat left ii-module. By 
hypothesis, fdij(A^) < n, and therefore G is fiat, as desired. ■ 

It is well-known that there exist right coherent (then left GF-closed) rings with infinite weak 
dimension (see for example [3] Exercise 11 (f), p. 181] or simply take a Gorenstein ring, then 
Noetherian, with infinite weak dimension). Also, there exist rings of finite weak dimension which 
are not right coherent. This means that there exist left GF-closed rings which are not right coherent 
(take for instance a non-semihereditary ring R with wdim(i?) < 1, see for example [111 Example 
2.3]). So, the class of left GF-closed rings includes strictly the one of right coherent rings and the 
one of rings of flnite weak dimension. In the next section, we show that there exist a left GF-closed 
ring which is neither coherent nor of finite weak dimension (Example 13. 6p . Namely, one would like 
to have every ring is left GF-closed. 

We begin with the following fundamental result, which is, with CoroUarv 12.61 a generalization of 
[TOl Theorem 3.7]. 

Theorem 2.3 The following conditions are equivalent for a ring R: 

1. R is left GF-closed. 

2. The class 'S.^iR) is protectively resolving. 

3. For every short exact sequence of left R-modules ^ Gi Go ^ M ^ 0, where Go and 
Gi are Gorenstein flat. If Tor^{I , M) — for all infective right R-modules I, then M is 
Gorenstein flat. 

To prove this theorem, we need the following lemmas. 

Lemma 2.4 The following are equivalent for a left R-module M : 

1. M is Gorenstein flat. 

2. M satisfies the two following conditions: 

^ Compare to [T] Corollary 3.8] in which the rings are assumed to be commutative. 
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(i) Tor|'(/, M) = for all i > and all injective right R-modules I, and 

(ii) There exists an exact sequence of left R-modules — » M — > F° — » — » • • • , where each 



Fi is flat, such that I 
R-module. 



leaves the sequence exact whenever I is an injective right 
M ^ F ^ G ^ 0, where F is flat 



3. There exists a short exact sequence of left R-modules 
and G is Gorenstein flat. 

Proof. Using the definition of Gorenstein flat modules, the equivalence (1) <^ (2) is obtained by 

standard argument. Also, by definition, wc get immediately the implication (1) => (3). 

We prove the implication (3) (2). Suppose that there exists a short exact sequence of left 

i?-modules: 

(a) = ^ M ^ F ^ G ^ 0, 

where F is flat and G is Gorenstein flat. Let / be an injective right i?-module. Since G is Gorenstein 
flat and by the equivalence (1) <^ (2), Tor,^i(/,G) = for aU i > 0. Then, use the long exact 
sequence, 

Tor,^i(/, G) ^ Torf (7, M) ^ Torf (7, F), 

to get Torf (7, M) = for aU i > 0. 

On the other hand, since G is Gorenstein flat, there is an exact sequence of left 7?-modules: 



^ G 



where each Fi is flat, such that 7 (gijj — leaves the sequence exact whenever 7 is an injective right 
7?- module. Assembling the sequences (a) and (/?), we get the following commutative diagram: 



0- 



■M 



such that 7 ®r — leaves the upper exact sequence exact whenever 7 is an injective right 7i-module, 
as desired. ■ 

Lemma 2.5 Let 0— >j4— >B— >C— >0 6eo short exact sequence of left R-modules. If A is 
Gorenstein flat and C is flat, then B is Gorenstein flat. 

Proof. Since A is Gorenstein flat, there exists a short exact sequence of left 7i-modules — > j4 — > 
7^ — » G 0, where F is flat and G is Gorenstein flat. Gonsider the following pushout diagram: 







> A ■ 



^F- 







B > G > 

I 
I 

V 

^ F' >■ C > 



G^=G 
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In the sequence O-^F^F'^C—^O, both F and C are flat, hence so is F' . Then, by the middle 
vertical sequence and from Lemma [2.41 B is Gorenstein flat, as desired. ■ 



In the following proof. A/* stands for the character module Homz(M, Q/Z) of a module M. 

Proof of Theorem 12.31 (1) (2). To claim that the class ^#^(7?) is projectively resolving, it 
suffices to prove that it is closed under kernels of epimorphisms (see Definitions II. If) . Then, consider 
a short exact sequence of left 7i-modules O^A~^B—>C—>0, where B and C are Gorenstein flat. 
We prove that A is Gorenstein flat. Since B is Gorenstein flat, there exists a short exact sequence 
of left _R-modules 0—fB^F^G^O, where F is flat and G is Gorenstein flat. Consider the 
following pushout diagram; 






G^=G 











By the right vertical sequence and since R is left GF-closed, the ii-module D is Gorenstein flat. 
Therefore, by the middle horizontal sequence and Lemma 12.41 A is Gorenstein flat, as desired. 
(1) (3). Since Gi is Gorenstein flat, there exists a short exact sequence of left _R-modules 
0-^Gi^Fi^_ff^O, where Fi is flat and H is Gorenstein flat. Consider the following pushout 
diagram: 





■Gi 



■Fi 



-s- Go 

I 
I 

Y 



M- 



M ■ 



H 



In the short exact sequence O^Go^-D— >-ff^O both Go and H axe Gorenstein flat, then 
so is D (since R is left GF-closed). Then, there exists a short exact sequence of left JZ-modules 
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where F is flat and G is Gorenstein flat. Consider the foUowing pushout 

diagram: 





^ Fi ^ D ^ M ^ 

I 
I 

I Y 
^ Fi ^ F - - ^ F' ^ 



G^=G 
y 



We show that F' is flat. Consider the sequence O^M-^F'^G—^O. Let I be an injective right 
7?-module. By the exact sequence, 

= Torf (/, Af) ^ Torf (J,F') ^ Torf (J,G) = 0, 

we get 

M Torf(/,F') = 0. 

On the other hand, consider the sequence ^ Fi ^ F F' ^ 0. By [121 Lemma 3.51], we have 
the foUowing short exact sequence of character modules: 

(/?) = ^ {F'y ^ F* ^ (Fi)* ^ 0. 

From [121 Theorem 3.52], F* and (-Fi)* are injective right _R-modules. Then, by (*) and from [U 
Proposition 5.1, p. 120], 

E^tU{Fiy,iF'y) ^ (Torf((Fi)*,F'))* =0. 

Then, the sequence sphts, and so (F')* is injective being a direct summand of the injective right 
7?-module F* . Therefore, F' is a flat left _R-module (by [I2l Theorem 3.52]). 

Finally, by Lemma (2.41 and the short exact sequence 0—>M-^F'—fG—fO, Mis Gorenstein flat. 
(3) (1). Consider a short exact sequence of left i?-modules O^A^B— >C— >0, where A and 
C are Gorenstein flat. We prove that B is Gorenstein flat. Let I be an injective right i?-module. 
Applying the functor / — to the short exact sequence O-^A^B^C-^O, we get the long 
exact sequence, 

Torf(J,A) ^Torf(/,B) ^Torf(J,C). 

Then, Torf (/,£?) = for aU i > (since A and C are Gorenstein flat and by Lemma [2.4|l . 

On the other hand, since C is Gorenstein flat, there exists, by definition, a short exact sequence 

of left -R-modules O^G^F— >G— >0, where F is flat and G is Gorenstein flat. Consider the 
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following puUback diagram: 



y ' ' 

G^=G 

D- - ^0 

I 
I 

Y ' ■ 
B ^0 



Also, since A is Gorenstein flat, there exists a short exact sequence of left _R-modules — > ^ — > 
F' ^ G' ^ 0, where F' is flat and G' is Gorenstein flat. Consider the following pushout diagram: 





^ A ^ D ^ F ^ 

I 
I 

Y 

^ F' ^ D' ^ F ^ 



G' = G' 





In the short exact sequence O^F'^D'^F^O both F' and F are flat, then so is D' . Then, 
by the short exact sequence O^D—^D'^G'^0 and from Lemma 12.41 D is Gorenstein flat. 
Finally, consider the sort exact sequence O^G^D—>B—>0. We have G and D are Gorenstein 
flat, and Tor|'(7, B) = for all i > and all injective right _R-modules 7. Therefore, by (3), B is 
Gorenstein flat. This completes the proof. ■ 

Corollary 2.6 If R is a left GF-closed ring, then the class '^.'^[R) is closed under direct summands. 
Proof. Use [TOl Propositions 1.4 and 3.2] and Theorem [O] ■ 

Remark 2.7 The Gorenstein projective left modules have a similar characterization to the one 
of the Gorenstein flat left modules in Lemma 12.41 Explicitly, a left 7?-module M is Gorenstein 
projective if and only if there exists a short exact sequence of left i?- modules 0— >M— >P— >G— >0, 
where P is projective and G is Gorenstein projective. Thus, similar argument to the one of the 
implication (1) (2) of Theorem 12.31 gives a new proof to the fact that the class of all Gorenstein 
projective left modules is projectively resolving (see ^lOj Theorem 2.5] and its proof). 



^ A 

^A 
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Now, we give functorial descriptions of Gorenstein flat dimension over left GF-closed rings. This 
generalizes [101 Theorem 3.14] which is proved for right coherent rings. 

Theorem 2.8 Let R be a ring and let M be a left R-module. If R is left GF-closed. Then, the 
following are equivalent for a positive integer n: 

1. Gfdfl(M) < n; 

2. Gfdfl(Af) < oo and Torf (J,M) = for all i > n and all injective right R-modules I; 

3. Gfdfl(M) < oo and Torf (_E, M) = for all i > n and all right R-modules E with iAr^E) < 
oo; 

4- For every exact sequence of left R-modules Kn Gn~i ■ ■ ■ —> Go ^ M 0, if each 
Gi is Gorenstein flat, then so is Kn . 

Furthermore, i/Gfd_R(Af) < oo, then 

Gfdfl(M) = sup{i e N I Torf (S, M) / for some E with idfl(_B) < oo} 

= sup{i G N I Torf (/, A/) 7^ for some infective right R~module /}. 

To prove this theorem, we need the following lemma. 

Lemma 2.9 Let M be a left R-module and consider two exact sequences of left R-modules, 

^ G„ ^ Gn-i > Go ^ A/ ^ 0, and 

0^ Hn^ Hr^-i ^Ho^ M ^0. 

where Go, Gn^i and Ho, Hn~i are Gorenstein flat. If R is left GF-closed, then Gn is Goren- 
stein flat if and only if II„ is Gorenstein flat. 

Proof. Using Theorem 12.31 Corollary 12.61 and TO' Proposition 3.2], the proof is similar to the one 
of [61 Theorem 1.2.7 (i) {Hi)]. ■ 

Proof of Theorem 12.81 First, note that the last equalities follow immediately from the equiva- 
lences between (1), (2), and (3). Note also that the equivalence (1) <^ (4) is simply obtained by 
Lemma [2. 91 above and by the definition of the Gorenstein fiat dimension. Then, it remains to prove 
the equivalences (1) <4> (2) <ti> (3). 

(1) ^ (2). We proceed by induction on n. We may assume that Gfd_R(Af) = n. The case n = 
holds from Lemma 12.41 Then, suppose that n > 1. So, there exists, by the definition of the 
Gorenstein fiat dimension, a short exact sequence of left i?-modules: 

^ K ^ G ^ M ^ 0, 

where G is Gorenstein fiat, such that Gfd_R(A') — n ~ 1. Then, for an injective right i?-module I, 
Torf (J, G) = for aU i > (by Lemma [2:i|l. and Torf (/,is') = for aU i > n - 1 (by induction). 
Then, we use the long exact sequence, 

Torf+i(/,G) ^ Torf+i(J, Af) Torf (/,7^), 

to conclude that Torf^i(/, Af) = for all i > n — 1, as desired. 

(2) => (3). Easy by induction on idR{E). 
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(3) (1). Since Gfdij(M) is finite and by Lemma 12.91 we may pick, for some positive integer 
m > n, an exact sequence of left _R-modules: 

O^Gm^ > Go ^ A/ ^ 0, 

where Go, Gm-i are flat and Gm is Gorenstein flat. Let Kn — Ker(Gn-i ~^ G„-2)- Our aim is 
to prove that Kn is Gorenstein flat. We decompose the sequence 

— > Gm — ^ ■ ■ ■ — ^ Gn — ^ Kn — * 

into short exact sequences: 

-> H,+i -^G^^H,~*0 

for j = n,...,m — 1, where Hn = Kn and Hm = Gm. Consider the short exact sequence of left 
_R-modules: 

— > Hm{= Gm) Gm-1 ^ Hm-1 ^ 0. 

We claim that Hm-i is Gorenstein flat. By the exact sequence: 

^ Hm-i > Go ^ A/ ^ 0, 

we have, for every injective right i?-module / and every i > 0: 

Torf - ^orfm-l)+^{I,M) = 0. 

Therefore, by Theorem 12.31 (11 (3), Hm-i is Gorenstein flat. 

Finally, we repeat successively this last argument to conclude that Hm-2, ■■■,Hn = Kn are Goren- 
stein flat. This completes the proof. ■ 

Next generalizes |101 Proposition 3.13] which is proved over right coherent rings using the connec- 
tion that exists between Gorenstein flat dimension and Gorenstein injective dimension [101 Propo- 
sition 3.11]. 

Proposition 2.10 If R is a left GF-closed ring, then for a family of left R-modules (Mi)i^i, we 
have: 

GfdH(©,giA/0 = sup{Gfdfl(A/0 lie/}. 

Proof. Using Theorem 1 2. 8 1 |10l Proposition 3.2], and the fact that over a left GF-closed ring R the 
class ^^^(-R) is closed under direct summands (CoroUarv 12. 6p . the proof is analogous to the one of 
[TOl Proposition 2.19]. ■ 

We end with the following generalization of |10l Theorem 3.15]. Namely, we extend the standards 
(in) equalities for the flat dimension; compare to [3] Corollary 2, p. 135]. 

Theorem 2.11 If R is a left GF-closed ring, then for a short exact sequence of left R-modules 
O^A^B^C^O, we have: 

1. If any two of the modules A, B, or C have finite Gorenstein flat dimension, then so has the 
third. 

2. Gfdfl(yl) < sup{GfdH(B),GfdH(G) - 1} with equality if GidniB) / Gfdfl(G). 

3. Gfdfl(B) < sup{Gfdfl(A), Gfdfl(G)} with equality if Gfd r{C) / GidR^A) -\- 1. 
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4. Gfdfl(C) < sup{Gfdfl.(B), Gfdjj(^) + 1} with equality if GiAR{B) / Gfdfl(^). 

Proof. First note that, using the statement (1) and Theorem 12.81 the statements (2), (3), and (4) 
are proved similarly to [3j Corollary 2, p. 135]. 

We prove (1). Let ■ ■ ■ ^ A-i ^ Ao A —* Q and ■ ■ ■ ^ Ci Co C ^ be projective resolutions 
of, respectively, A and C. Then, by the Horseshoe lemma [121 Lemma 6.20], we get the following 
commutative diagram, for any positive integer n: 


















i 


i 


i 




~* 













i 


i 


i 






i 


i 


i 




^ 


Ao 


^ Aa © Co 


^ Co 


^ 




i 


i 


i 




^ 


A 


B 


c 


~* 




i 


i 


i 


















There are three cases: 

Case 1: Assume that Gfd_R(yl) < n and Gfdi{(C) < n for some positive integer n. Then, by 
Theorem l2.8l Hn and Ln are Gorenstein flat, hence so is Kn (since R is left GF-closed). This 
means that Gfd_R(_B) < n, as desired. 

Case 2: Assume that Gfd_R(_B) < n and Gfd_R(C) < n for some positive integer n. So Kn and 
Ln are Gorenstein flat, hence so is Hn (by Theorem 12.3 p . This means that Gfd_R(yl) < n, as 
desired. 

Case 3: Assume that Gfd_R(j4) < n and Gfd j{(i3) < n for some positive integer n. Then, Hn and 
Kn are Gorenstein flat. Assembling the sequences — > L„ — > Cn-i ^ ■ ■ ■ ^ Co ^ C ^ 
and Hn — > Kn ^ Ln —> 0, we get the following exact sequence: 

Hn Kn ^ Cn-l ■ ■ ■ ^ Co ^ C ^ 0. 

Therefore, Gfd_B(C) < n + 1, as desired. ■ 



3 Gorenstein flat dimension in direct products of rings 

Our aim, in this section, is to show, via a study of the Gorenstein flat dimension of left modules 
over a direct product of rings, how to construct a left GF-closed ring that is neither right coherent 
nor of finite weak dimension. 

For the convenience of the reader, we first recall some properties concerning the structure of 
modules and homomorphisms over direct products of rings (for more details please see [2] Section 
2.6]). 
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Let i? = _[ I iii be a direct product of rings. If Mi is a left (resp., right) _R,;-module for i = 1, ...,n, 

i = l 

then M — Mi ® • ■ ■ © M„ is a left (resp., right) _R- module. Conversely, if M is a left (resp., right) 
/il-module, then it is of the form M = Mi ® ■ ■ ■ ©M„, where Mi is a left (resp., right) i?i-module for 
1 = 1, ...,n [2j Subsection 2.6.6]. Also, the homomorphisms of ii-modules are determined by their 
actions on the _Ri-module components. This is summarized in the following result: 

n 

Theorem 3.1 ([2], Theorem 2.6.8) Let R = fl^i be a direct product of rings and let M = 

i = l 

Ml ® • ■ • ® Mn and N = Ni (B ■ ■ ■ ® Nn be decompositions of left (resp., right) R-modules into left 
(resp., right) Ri-modules. Then, the following hold: 

1. There is a natural isomorphism of abelian groups: 

HomflXA/, iV) ^ Homfli (Mi, iVi) ® ■ ■ • ffi HomH„ {M„,N„) 
a I — > ai ® ■ • ■ ® Qfn 

where the homomorphism cn ® • ■ • ® Qn is defined by: 

(ai ffi ■ ■ ■ ® a„)(mi, m„) = (aum, a„m„). 

2. The homomorphism a is infective (resp., surjective) if and only if each ai is infective (resp., 
surjective). 

Similarly, the tensor product of modules over a finite direct product of rings is determined as 
follows: 

n 

Proposition 3.2 Let R = Y\ Ri be a direct product of rings and let M — Mi ® ■ • ■ ® M„ (resp., 

i = l 

N = Ni (B ■ ■ ■ (B Nn) be a decomposition of a right (resp., left) R-module into right (resp., left) 
Ri-modules. Let x = (xi, ...,Xn) and y — (yi, j/„) be elements of M and N, respectively. Then, 
there is a natural isomorphism of abelian groups: 

MiS)rN (Ml (g)Hi iVi) ® • • ■ © (M„ iV„) 

x®Ry I — > {xi®R^yi,...,x„®R^yn). 

This may be used to give a proof of the following result. 

Proposition 3.3 Let R and N be as in Provosition \3.S\ Then, 

fdfl(iV) = sup{fdfl.(iVO I i = 0, 
Now, we state the main result in this section. 
Theorem 3.4 Let R and N be as in Provosition \3.S[ Then, 



Gfdfl(iV) = sup{Gfdfl,(iVO I i = 0, n}. 
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Proof. First, as a consequence of Theorem 13.11 Propositions 13.2 1 and 13. 3[ and the fact that a right 
i?-module E — Ei (B ■ ■ ■ (B En is injective if and only if each Ei is an injective right 7?i-module (by 
[21 Exercise 2.6.5]), we get the equivalence; A'^ is a Gorenstein flat left _R-module if and only if each 
Ni is a Gorenstein flat left J?i-module. 

Now, we prove the desired equality. First, we prove the inequality GfdH(A'') < sup{Gfdjj. (A'^i) | i = 
0, n}. For that, we may assume that sup{Gfd_H; (A^i) \ i = 0, ...,n} — m for some positive integer 
m. Then, there exists, for i = 1, n, an exact sequence of left i?i-modules: 

> Fra,,"-^ > Foa ^ N, >0, 

where Fj^i is Gorenstein flat for j = 0, m. Then, wc get an exact sequence of left _R- modules: 

— ^ F„ ^ ^ Fo ^ TV — ^ 0, 

where Fj = Fj^i ® ■ • ■ © Fj^„ for j = 0, m. Since every Fj^i is a Gorenstein flat left _Ri-module, 
every Fj is a Gorenstein flat left 7?- module (by the reason above). This implies the first inequality. 
Now, we prove the converse inequality. For that, we may assume that GfdH(A'^) = m for some 
positive integer m. By Theorem 13.11 we have an exact sequence of left _R-modules: 

— > ®iFm.i — >■ ■ ■ ■ — > @iFo,i — * N = ®iNi — * 0, 

where (BiFj^i is a Gorenstein flat left i?-module for j = 1, ...,m. So, by the reason above, each Fj^i 
is a Gorenstein flat left i?i-module for i = 1, n and j = 1, m . Then, for i — 1, n, we have 
an exact sequence of left _Ri-modules; 

— ^ Fma"^ > Fu N, — > 0, 

where Fj^i is Gorenstein flat for j = 0, ...,m. Thus, for i — l,...,n, GfdR^{Ni) < m. Therefore, 
sup{Gfd_R; (A^i) I z = 0, 7i} < m = Gfd_H(7V). This completes the proof ■ 

Now, we are in position to give the desired example. For that, we need the following result. 

n 

Proposition 3.5 A direct product of rings Ri is a left GF-closed ring if and only if each Ri is 

j=i 

left GF-closed. 

Proof. Simply combine Theorem 13.11 with Theorem 13.41 ■ 

Finally, the results above give as a method to construct examples of left GF-closed rings which 
are neither right coherent nor of flnite weak dimension, as follows; 

Example 3.6 From the note after Proposition 12.21 we may have a left GF-closed ring R with 
inflnite weak dimension and a left GF-closed ring S which is not right coherent. Then, for the 
direct product of rings T = 7? x S we have; 

1. r is left GF-closed (by Proposition 13. 5p . 

2. wdim(r) — sup{wdim(i?), wdim(S')} — oo (for the left equality use Proposition 13. 3|l . 

3. r is not right coherent (since using Theorem 13. ll we may prove that a product of rings Ri x R2 
is right coherent if and only if each Ri is right coherent^) 

Acknowledgement. The author is grateful to the referee for the valuable comments and sugges- 
tions. 



^ This equivalence is a particular case, in commutative setting, of [7| Theorem 2.13]. 
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